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ABSTRACT 

We study the Lorentz covariant Lagrangians of self-dual gauge fields. Along the method 
in the original PST formulation we find a simple way to covariantize the non-covariant 
Lagrangian. We derive in detail the basic formulas and then use them to prove the 
existence of extra gauge symmetries which allow us to gauge fix the auxiliary fields 
therein and previous non-covariant formulations are reproduced. We find the covariant 
Lagrangian for the case of decomposition of 6D spacetime into D = D\ + D2. Our pre- 
scription can be easily extended to other non-covariant Lagrangian with more complex 
decomposition of spacetime. As examples, we also present the covariant Lagrangians 
in the cases of other decompositions of spacetime. 
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1 Introduction 

The gauge fields whose field strength is self-dual are called chiral p-form fields. Such 
fields exist only if p = 2n (n = 0, 1, . . .) and the possible spacetime dimension is D 
= 2(p + 1). It is known that the chiral p-form play a central role in supergravity and 
in string theory and M-theory five-branes [1]. 

Marcus and Schwarz [2] are first to see that manifest duality and spacetime covari- 
ance do not like to live in harmony with each other in Lagrangian description of chiral 
bosons. Historically, the non-manifestly spacetime covariant of 0-form was proposed 
by Floreanini and Jackiw [3], which is then generalized to p-form by Henneaux and 
Teitelboim [4]. The field strength of chiral p-form A\.., p they used splits into electric 
density E n "" lp+1 and magnetic density B iv " %v+1 : 



^iv-ip+i — P'h—ip+i — ®[ii-Ai2—ip+i] (1*1) 
1 

(p+iy: 



jgn—ip+i = £ ii— i2 P +2p i ^ ^ 2 = J^i'^p+i (1-2) 



2 



in which F is the dual form of F. The Lagrangian is described by 

Lhj = ^F il ... ip+1 (F il '" ip+1 - F il '" ip+1 ) (1.3) 

Above action lead to second class constraints and complicates the quantization proce- 
dure. 

Siegel in [5] proposed a manifestly spacetime covariant action of chiral p-form mod- 
els by squaring the second-class constraints and introducing Lagrange multipliers X ab 
into the action. The Lagrangian of chiral 2 form is described by 

Lsiegel = — ^F abc F ab ° + - X ab T^J*^ (1.4) 

in which we define 

T = F-F (1.5) 

Siegel action, however, does not have enough local symmetry to completely gauge the 
Lagrange multipliers away and suffers from anomaly of gauge symmetry. 

Pasti, Sorokin and Tonin in 1995 constructed a Lorentz covariant formulation of 
chiral p- forms in D = 2(p+l) dimensions that contains a finite number of auxiliary 
fields in a non-polynomial way [6,7]. For example, 6D PST Lagrangian is 

Lpst = -\F abc F abc + 1 . d m a(x)F mnl F nlr d r a(x) (1.6) 
6 (o q ao q a) 

in which a(x) is the auxiliary field. In the gauge d r a = 8], the PST formulation reduces 
to the non-manifest ly covariant formulation [3,4]. 

Recently, a new non-covariant Lagrangian formulation of a chiral 2-form gauge field 
in 6D, called as (3+3) decomposition, was derived in [8] from the Bagger-Lambert- 
Gustavsson (BLG) model [9]. The covariant formulation of the associated Lagrangian 
is constructed by PSST in [10], with the use of a triplet of auxiliary scalar fields. 

Later, a general non-covariant Lagrangian formulation of self-dual gauge Theories 
in diverse dimensions was constructed [11]. In this general formulation the (2+4) 
decomposition of Lagrangian is found. In [12] we had also constructed a new kind 
of non-covariant actions of self-dual 2-form gauge theory in the decomposition of 6 = 
D1 + D2 + D3. We also furthermore found the most general formulation of non-covariant 
Lagrangian of self-dual gauge theory in [13]. In these paper the self-dual property of 
the general Lagrangian is proved in detail and it also shows that the new non-covariant 
actions give field equations with 6d Lorentz invariance. 

Up to now, the PST covariant Lagrangian of self-dual gauge fields had only been 
constructed in the formulations of decomposition of 6 = 1 + 5 [6,7] and 6 = 3 + 3 [10]. 
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In this paper we will find a simple prescription which can be easily extended to other 
non-covariant Lagrangian with more complex decomposition of spacetime. 

In section 2, we first review the PST covariant Lagrangian [6,7], which essentially 
is to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 
6 = 1 + 5. Next, we present our method to covariantize the non-covariant Lagrangian 
in the decomposition of spacetime into 6 = 2 + 4 [11]. Finally, we derive several useful 
formulas and use them to covariantize the BLG-motivated non-covariant Lagrangian in 
the decomposition of spacetime into 6 = 3 + 3 [10]. We also compare our formulation 
with PSST formulation. In section 3, we describe a simple rule from above study 
and argue that the method can be used to find the covariant Lagrangian associated 
to the generally non-covariant self-dual gauge field [13]. As examples we discuss the 
Lagrangians in the decompositions of spacetime into 6=1 + 1 + 4 and 6 = 1 + 2 + 3 
[12]. Last section is devoted to a short conclusion. 

2 PST Covariant Lagrangian 

2.1 Lagrangian in Decomposition: 6 = 1 + 5 

In the (1+5) decomposition the spacetime index ji = (1, • ■ -,6) is decomposed as 
fj, — (1, a), with d = (2, • • •, 6). The non-covariant Lagrangian is expressed as [4] 

L 1+5 = -\F uh (F^ - F Ub ) (2.1) 

We describe the procedure of obtaining the PST covariant Lagrangian in following 
three steps [6,7]. 

• First step: We note that 

F lab (F lab - F lab ) = -F lab ^ b + F lab (F^ b - F lab ) 

— _ jr . T-I06 ilp jpnu\ _ I F , P abc — f? . p lab 

— • r lab' r t r^xr abc r r \db r 

= -T lhb T^ h + \f, vX F^ + F lhb F lab - F Ub F Ub 

= -J"ub^ + \f, uX F^ - F lab (F lab - F ldb ) (2.2) 

Thus 

F lab {F lab - F^ b ) = \ ( - T Ub T Ub + l -F, uX F^) (2.3) 
and Lagrangian we can be expressed as 

U + , = -hF^F^-^ab^) (2-4) 
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• Second step : We define two projection operators 

p, x Px=p;, n/n/ = ry, p/ + iy = <y (2.5) 

in which P^ is used to project direction "1" while is used to project direction "d". 
The projection operator P^ is described by 

_ d^a d v a 

^" (day [Z - b) 

in which a(r) is an auxiliary field. Using above projection operator the covariant 
Lagrangian is expressed as 



L^I = -^(F^F^-ST^.P^UyU^T^) 

= -Uf, uX F^ - 3^ A • P* ■ - Pg) • (5 X - P x ) • F*r) 



24 

= -1(F^F^ A -3^ A -P^-^ A ) (2.7) 
as T^x ■ P£Pg A} • = 3~ \u>\ ■ PZPpPj ■ F aM = 0. 

• Third step : As shown in PST [6,7] there are following three useful equations 
5 



5A a p 
5 



fdPxF^F^ = Ze a ^\d,a){d 1 F^)-l%d 1 (p)?F^) (2.8) 
J (PxjF^P*?^ = -€ a ^\d^a){d 1 Fl a x ) )-Qd 1 (P [ «F^) (2.9) 



-j <fxF^ p P;^ v<7 = 2e a ^ x F$ (d.F^id.a) (2.10) 



in which 



p(a) =J r dPa (2ll) 

w — v vp (da) 2 \^- LL ) 

Using above three equations the variation with respect to the associated action becomes 

1 [6e a ^ x (d,a)(d,F%) 5A a ? - 6e a ^ x F$ (^ft^a) 5a] (2.12) 
and we have the local symmetry 

5a = (2.13) 

6 A,* = <PF$ (2.14) 



dbl + 5 - 24 



in which <p is an arbitrary function. As this Lagrangian has sufficient local symmetry 
it allows us to gauge fix the projection operators to become the constant matrices [7,8] 

P S = ( I o)' ^ = (o « = 2 >3,4,5,6. (2.15) 

In this gauge Lf_f 5 T = L 1+5 . 

From the variation of covariant Lagrangian we can find the field equation of 2-form 
field A ab 



d p a d p a d p a ~ 



which is the self-duality condition in the covariant form. In the above gauge-fixing we 
can get F Ub = F Ub , which is the self-duality in the non-covariant formulation [4]. 

2.2 Lagrangian in Decomposition: 6 = 2 + 4 

In the (2+4) decomposition of 2-form Lagrangian in [11], the spacetime index A is 
decomposed as A = (a, a), with o = (1,2) and a — (3, • • -,6). The non-covariant 
Lagrangian is expressed as [11] 



r _ 3 

^2+4 - 



F aba (F abh - F abh ) + l -F ahh (F ahb - F ahb )] (2.17) 



To obtain the covariant form we first note the following relation 

Tp ( rpaba rpabd\ , ^_ rp ( padb rpadb\ 
raba\-r ) "+" <^ r adb\ r ~ r ) 

-77 -raba _ rp padb , 771 / rpaba rpabd \ , ^_ 771 / padb rpaab \ 

J~abaJ~ 2 J ~adb J ~ ^ r abd\ r r J T ^ r adb\ r ) 



1 _ 1 



•77 -raba -77 padb , rp pfii/X TP ( T?°bd r?aba\ , rp I padb rpaab\ 

J~ abdJ- 2 ailb + <j r f"A r r abd{ r ' r ) ~T r aa i,\ r r ) 



1 =. 



2 

(2.18) 



which implies 



1 ~ • 1 1 -1 

rp I rpaba rpabd\ < _ rp I rpaab rpadb\ _( -r pabd _ _ p padb < _ 771 pfivX 

r abd\ r r ) T ^ a db\ r r ) — 2\ J ~ahdJ~ 2 J ~adb J ~ ^ L Ll/X 

(2.19) 

and we can write L 2+4 as 

W = (2F^ A F^ A - 67^7^-3^^) (2.20) 

6 



To find the covariant form we will rewrite it in a more explicit form (as "a=l,2") 

L 2+ 4 = (2F, uX F^ x - \1T X2h T l2k - ?>T lilh T lbh - 37 2ilh T 2hh ) (2.21) 



16 

We now introduce two independent projection operators 



p a 



d fJi ad a a 



{da) 



d^bd a b 



(dby 



n° = r 



(2.22) 

(2.23) 
(2.24) 



where a, b are auxiliary fields. Operators P and Q are used to project direction "1" 
and "2" respectively. 

The PST Lagrangian we find is described by 
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-3T^ x -Q^U x -T a ^) 

(f, uX F^ x - 3J> A • P x • ^) + (F M „ A F^ A - 3F, uX -Q x -r 



(2.25) 



Surprisingly, above relation looks like as two kind of that in decomposition 6 = 1 + 5. 
Thus, the variation with respect to the associated action gives 



XQPST 

oo 2+4 



in which 



1 
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Qe^^id^id.F^) 5A a p-6e a ^ x F$ (d,F^)(d,a) 5a 
+ Qe^^id^id.PS) 5A afi - Qe a ^ x F^ (d.F^d.b) 5b] (2.26) 



1 jiu fivp 



Now, we go to final step. If we consider a local symmetry 

5a — 0, 56 = x 

in which and x are arbitrary functions, then the condition of SL^+J = is 

E^[ E ^ A P,a)(d 7 F^) + (9^6) (<9 7 i^)] 

a/3 

= E [ E e^[F$ (a^ft^a) 4> + F® (d,F^)(d,b) X ] 

a/3 -yfiuX 



(2.27) 



(2.28) 



(2.29) 



Above equation has a solution 



SA a 8 = ^ n m (2.30) 

7P^A 



in which the summation does not contain a, (3. Thus the Lagrangian L^+J has sufficient 
local symmetry which allows us to gauge fix the projection operators to becomes the 
constant matrices 

= diagonal(l, 0,0, 0,0,0) (2.31) 
Q» = diagonal(0, 1,0, 0,0,0) (2.32) 
iy = diagonal(0, 0,1, 1,1,1) (2.33) 

In this gauge Lf_fJ = L 2+4 - 

From the variation of covariant Lagrangian we can find the field equation of 2-form 
field A ab 

n _ b n pW , f) h ^ n - d » ad " a r 4. f r? 

- o^a i^A + C M b - ^ Ap + ~^T^p ^-o4J 

which is the self-duality condition in the covariant form. In the above gauge-fixing we 
can get F ahh = F adb and F aba = F aba , which are the self-duality in the non-covariant 
formulation [11]. 

2.3 Lagrangian in Decomposition: 6 = 3 + 3 
2.3.1 Basic Formulation 

In the (3+3) decomposition [8] the spacetime index li is decomposed as li = (a, a), 
with o = (1,2,3) and a — (4, 5, 6). The non-covariant Lagrangian can be expressed as 

L 3+3 = -^[F abc (F abc -F abc ) + 3F aba (F abd -F abd )] (2.35) 
To obtain the covariant form we first note the following relation 
F abc (F abc - F abc ) + 3F aba (F ab& - F abh ) 

-T abc T abc - 3F aba F abd + F abc (F abc - F abc ) + 3F aba (F ab& - F abd ) 

77 -r-abc n 77 -rpaba , 77 rpuisX 77 jpdbc n 77 rpaab rpabc rpabc n 77 rpaba 

— —J-abcJ- — SJ-aba-r + -Tp^A-T — r hbt ±< — of ahb t —ft — 6t aba? 

77 -rpabc o 77 -rpaba , 77 r-rpz^A , 77 rpabc , o 77 rpaba rpabc rpabc o 77 rpaba 

— —-Tabc-r — oJ- aba J- + r^uxr + r abc t + 6r aba £ — t £ — 6r abix t 

77 -r-abc n 77 -rpaba , 77 rpuvX 77 ( rpabc rpabc\ . o TP I rpaba rpaba\ 

— —J~abcJ~ — Oj- aba J- + PfxvXf — \rabc\r ~ r ) + 6r aba {r ~ r ) 

(2.36) 
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which implies 

F abc (F abc - F abc ) + 3F abh (F abd - F abh ) = ^(f, uX F^ x - 7 ahc 7 abc - 3T aba F M )(2.37) 
and we can write L 3+3 as 

-^3+3 = — -(F^xF^ — J r a bcJ rabC — 3J r a 6aJ ra6a ^) (2.38) 

Above Lagrangian is just that used by PSST in [10] to find the covariant form. In this 
paper we will adopt another method to find the covariant form. Our method is just a 
straightforward extending of the original PST method and can be easily extended to 
study other Lagrangian. 

We introduce three independent projection operators 

„ „ d u ad a a 

p: = -fa- (2.39) 
d bd a b 

<V - ^ (2.40) 

K = ^g? (2-41) 

V = e°-p°-Q°-R° (2.42) 

where a, b and c are three auxiliary fields. The operators P, Q and R are used to 
project direction "1", "2" and "3" respectively. 
The PST Lagrangian we find is described by 

L™Z = - l -(F, uX F^ x - 6^ A • P^R X , ■ T a ^< - 6J> A • P£Q" p Il* ■ F** 
-6^ uX ■ P£Rp§ ■ - 6J> A • Q»R^ ( ■ F>&) 
= -1 (f^F^ - 6J> A • P$Q* ■ - 6J> A • ■ 

-67^ ■ R%Q* ■ + 12J> A • P^R' ■ J^) (2.43) 



We now will variation above Lagrangian with respect to the A a p and three auxiliary 
fields a, b and c. 

2.3.2 Nine Equations 

To proceed, we note that for the decompositions 6 = 1 + 5 and 6 = 2 + 4 we see 
from LffJ and L^J that there is at most only one project operator in the each term 
of reduced covariant Lagrangian. However, for the decomposition 6 = 3 + 3 we see 
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from that there are two or three project operators in the each term of reduced 

covariant Lagrangian. Thus we need furthermore relations. 

We first note the three basic relations (all indices in the following are on 6D) which 
are derive in appendix 

-pabc = ^abcdefpwQs^jr^ + 3 p[ajrbc]» + $Q[ajMl* _ §P^Q\j^ (2.45) 
-pabc = -^cdefpwQS^^ + Z p[*jMl* + 3 Q[aj*c]l* + ZR^jMl* 

-6P^QlT c]tM/ - QQ^R b v F c] ^ - SR^PlF^ + QP [ ;Q b u Ri^ vX (2.46) 

To obtain above equations we have used the orthogonal condition between the different 
projection operator, i.e P h a Q c b = Q b a R c b = R b a P^ = 0. 

• Equations 1 ~ 3 : Using above three basic relations we have following three 
equations 



1 5 



6 5 A, 



ab 



Jd 6 xF^ x F, uX = 



^pabc = ^pabc 

= - l -e abcde fd c {P^ wef )+W c (P^ hc ^) (2.47) 

= -e abcdei d c (P%Q s e F wsf ) + d c (3Pl a F bc] » + 3Q [ *F bc] » 
-§P [ *QlF c ^ v ) (2.48) 

= - e abcde fd c (P™Q s e T wsf ) + d c (3Pl a F*^ + SQ^F^ 
+3R%T bc] » - QP [ ;Q b v F c] ^ - 6Q^R b u T c]lM/ 
-QR [ *P b F c]lMU + QP^Q b v R c ^ uX ) (2.49) 

Notice that the variation of F fiuX F llu \ with respect A a/3 have three different forms. This 
property plays the crucial role in the following investigation. 

• Equations 4 ~ 6 : We can also use above three basic relations to derive the following 
equations 

L S f r d^a i r 3 s a i 



-d x 



sjPsj 1 



(da) 2 V 2 ' ' ^ ' L ^ p \da) 

d p a / 1 



p d°a_ T ^ 



p pi J -pi 



T7 / _ _ avXabc pa n~ , -pX -r\ivs\ 



77 pP ^ a pjXvX 



'(da)* 



e ^a A (^ p7 ^P a ^ s6c ) (2.50) 
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in which we have used the property : J r pup d^ad v a = 0. In the same way 

d u a „„_,.iai „ r_ „ d s a 



1S_ 

25a 



J a*xT pvp P v a Q%T^ = -d. 
d u a 



q P , a \-p pvQP _____ TTi 



•pa (5 



T, 



,u a 1 c/ s ci 

d v a 



jrm/3 



pvp 



(da) 



-ppafi 



(2.51) 



in which we have used the property : J r pvp d tJ 'ad u a = and orthogonality between 
different projection operator : P b Q b = 0. In the same way we can follow the above 
method and use the orthogonality between different projection operator to derive the 
another equation 

\y a J d 6 x^P;QlR c p F abc = e Xb ^ k d x (^ up ^P^R^ tjk ) (2.52) 
• Equations 7 ~ 9 : Through the simple variation we can get following equations 

U, JjJ p J IJ-vo 



5A r 



0/± a fS J 0/i a j3 J 

= -e a ^ x d x (^ pvp P p ) -6d p (P^^) (2.53) 



In the same we can derive the following equations 
5 



5A 



■a/3 



(2.54) 

(F^PZQZRZ) -^(P^QZRfT^) 

(2.55) 



d xj~ p ^ Pp QuPp3~ uabc 



-e' 



2.3.3 Existence of Extra Gauge Symmetry 

Finally, using above nine equations the variation with respect to the associated action 
becomes 

3 
— < 

4 



\e^ abcX [d x {F a UP b u Q: + QWc + RIPc ) - 2^ p P^R p )5A a 



(db) 2 (dc) 2 
11 



-d^ ast R [ ^P^ kcX {5c + 5a jjj^j) 



(2.56) 



which has a desired form. 

Let us explain how we can get rid of the unwanted terms, such as d^P^F^^j, 
d^P^QPjF^P) and dx^P^Q^R^F^ 9 ) and finally remain only the terms proportional 
the e al3abcX in the above equation. The key point is that in the L^fJ there is a term 
F^ x F^x and, as mentioned before, there are three possible forms in the variation with 
respect the A a p. Thus, we can adjust the ratio between the three forms and get rid of 
the unwanted terms to have a desired form in the above equation. 



Now, we go to final step. If we consider the local symmetry 

5a = <p, 5b = x, Sc = 9 (2.57) 
X and 9 are arbitrary functions. Then the condition of 5S[^ = has 



in which 
solution 



5A n 



G 



a/3 



w, 



no summation over a, j3 



a/3 



(2.58) 



where 



G aP = E ea/3abCA [-^(- F -* P f [fe Q t J^cA(0 



abcX 



—dpi^Fast R b k Fkc\(9 



d s a 
{da) 2 
d s c 



X 



d s b 
(dbj 2 



(dby 

d s c 
(dcj 2 



(dc) 2 
d s a 



T (da) 2 ' 

d a (^ p P^R^ tc x(<f> ^ + x °" b 



+ 9 



d^c 



(2.59) 



^a/3abcX 



abcX 



(da) 2 (db) 2 (dc) 2 ' 
d x (T ava (PZQ° c + QlRl + RIP^) - 2T, vp P»QlRi)\ (2.60) 



in which the summation does not contain a nor j3. Thus the Lagrangian Lf_f-f has 
sufficient local symmetry which allows us to gauge fix the projection operators to 
becomes the constant matrices 



P/ = diagonal(l, 0,0, 0,0,0) 

= diagonal(0, 1,0, 0,0,0) 

= diagonal(0,0, 1,0,0,0) 

ry = diagonal(0, 0,0, 1,1,1) 



(2.61) 
(2.62) 
(2.63) 
(2.64) 
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In this gauge Lf_fJ = L 3+3 [13]. 

From the variation of covariant Lagrangian we can find the field equation of 2-form 
field A ah 

= + QIK + RIP*) ~ IT^QIK (2.65) 

This is the self-duality condition in the covariant form. In the above gauge-fixing we 
can get F a b c = F a b c and F a ba = F a ba, which are the self-duality in the non-covariant 
formulation [11]. 

2.3.4 Compare with PSST Lagrangian 

Although the Lagrangian we use to covariantize is just that used by PSST [10], PSST 
only introduced one projection operator 

pf SST = d^Y-^a s , n; = s;-p;> PSST (2.66) 

where 

Y rs = d p a r d p a s (2.67) 

and a r are the triplet of auxiliary scalar fields. The local symmetry they found is 

5a r = f, 5A, U = 2fY- l d^a s F ahl P^ SST U b v] (2.68) 

which is different form ours. 

To compare theirs to ours we see that the orthogonality between a r gives a relation 
d^rfd^a? ~ 5 tj . This implies that 

P SST gXgV d^a 2 d u a 2 d^a 3 d u a 3 
" (da 1 ) 2 (8a 2 ) 2 (8a 3 ) 2 { } 

Thus, after explicitly using the orthogonal property between the projection operators 
the PSST projection operator p^ PSST i n above becomes 

pf SST = p; + + k ( 2 - 7 °) 

in which Q 1 ^ and R u are just corresponding to our three projection operators. 
The PSST projection operator is in fact, according to our formulation, contains three 
projection operators which cannot be separated. Thus, their formulation is different 
from ours. What we have seen is that in our formulation, which has explicitly used 
the orthogonality, is different from PSST. This is something like that some physical 
relations are different between on-mass shell and off-mass shell formulations. 
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3 Covariant Lagrangian in General Decomposition 



3.1 General Scheme to Covariant Lagrangian 

According to above study we have found a systematic way to covariantize the non- 
covariant Lagrangian. 

First, it is known that the original non-covariant Lagrangian is expressed in terms 
of function F abc J zabc [11-13]. Therefore, the first step is to express them as J r abc J- abc . 
In this step there will also appear the term of F flu \F tluX . The Lagrangian form can 
be easily read from the function form in the original non-covariant Lagrangian. In 
the second step we have to define projection operators, P£, to render the constrained 
index, say "a" into the 6d index "/x" . In the third step we can use the nine equations 
derived in section 2.3.2 to show that the covariant Lagrangian has sufficiently local 
symmetry which allows us to gauge fix the projection operators to become the constant 
matrices. In this gauge the covariant Lagrangian becomes that originally non-covariant 
Lagrangian. 

3.2 Lagrangian in Decomposition: 6 = 1 + 1 + 4 

As a further example let us see how to covariantize the non-covariant Lagrangian in 
decomposition: 6 = 1 + 1 + 4. In this case the spacetime index A is decomposed as 
A = (1, 2, a) and the non-covariant Lagrangian is expressed as [12] 

L 1+1+ 4 = 



4F m (F 12<i - F 12h ) + (1 + e)[F uh (F Ub - F 1 ^ 

+ ^-0){F 2db (F^-F^))} (3.1) 



in which 9 is an arbitrary constant. To obtain the covariant form we write Li+i+4 as 
^1+1+4 = - ( - \f, vX F^ + 4 T^ a F 12a + (1 + 9)T lhb ^ b + (1 - 6)F 2ab ^ 



(3.2) 



We now introduce two independent projection operators 



_ d^ad a a _ d^bd a b 

" ~ (day ' ^ " (db) 2 [ ' 

where a, b are auxiliary fields. Operators P and Q are used to project direction "1" 
and "2" respectively. 

The PST Lagrangian we find is described by 



t PST 

^1+1+4 = 



14 



+ (1 



( - -F, uX F^ x + (1 + 0)J>a • P x • + (1 - 9) J- av \ ■ Q 
((1 + 6)(- l -F, uX F^ x + T, vX • P x • T^i) 
+ (1 - 6)(-\f^ x F^ x + ■ Q x ■ T^) 



(3.4) 



Above relation looks like as two kind of that in decomposition 6 = 1 + 5, with scale 
factor (1 + 0) and (1 — 0) before them respectively. Thus, as that in the case of 6 = 2 + 4 
we can find the following local symmetry 



5a 



4>, 5b = x 



(3.5) 



E e^ x [(l + 9)F§ (d,F%)(d»a) + (1 - 9)F% («)(9 M 6) x] 



,(a)^ 



5A r 



E + + (1 - (9)(5„6) 



(3.6) 



in which and x are arbitrary function and the summation does not contain a, (3. 
Thus, the Lagrangian L^f[ +i has sufficient local symmetry which allows us to gauge 
fix the projection operators to becomes the constant matrices. In this gauge ^f+{+ 4 = 

From the variation of covariant Lagrangian we can find the field equation of 2-form 
field A ao , which is just the self-duality condition in the covariant form. In the above 
gauge- fixing we can get F Ub = F Ub and Fi 2 d = Fi 2a , which are the self-duality in the 
non-covariant formulation [12]. 



3.3 Lagrangian in Decomposition: 6 = 1 + 2 + 3 

Let us see how to covariantize the non-covariant Lagrangian in another decomposition 
: 6= 1+2+3. In this case the spacetime index A is decomposed as A = (1, a, a), with 
a — (2,3), a — (4, 5, 6) and non-covariant Lagrangian is [12] 

Li+2+3 = _[^ iab(F la 6 _^la b)+ ^ 

(3.7) 

To obtain the covariant form we write L1+2+3 as 

£1+2+3 = -\f»„ x F^ x + l - (F lab F lab + F ahb 7 ahh + JF aba F abh ) (3.8) 
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We now introduce three independent projection operators 

a d„a&*a a _ d^bd a b 

" (da) 2 ' ^ (db) 2 { ' 

0^cd a c 

where a, b and c are three auxiliary fields. As in the decomposition 6=3+3, the 
operators P, Q and R are used to project direction "1" , "2" and "3" respectively. 
The PST Lagrangian we find is described by 

£f + T +3 = \ ( - F^F^ + 6^ A • P£C%R* ■ + ?>F» vX • (Q£ + P^n* • 



g ( - i^A^ + 3^,A • (Q} + R$) ■ - 6J> A • (P^Q* + Q£P} 



Using the nine equations derived in section 2.3.2 we can quickly find that the variation 
with respect to the associated action becomes 

c qPST _ 1 C a/Sabc\ 

0,;, l+2+3 — 

-3J% 6 (Q£ + R^))5A aP + 3dp(T asa Q k b T kcX 5b ——) 



6d x (T ai/a (P b »Q° + Q?^ + ^<f) " IZF^PZQtRZ 

b_ 

(dbf 



d s c 

+3dp(j 7 asa R%J r kc \8c jQ^p) 
-6d^T ast Pl k Q^ kcX (6a + 5b ' n ' 



(da) 2 (db) 2 
-&d^ ast Q [ b k R^ kcX (5b ^ + Sc (T( ' 



(db) 2 (dc) 2 
-Qd^ ast R [ b k P^ kcX (5c -^~ 2 +Sa |^)) 

f)^n Fi^h fVr 

+12d a (^ p P^R^ tcX (Sa j^ + Sb-^ + Sc ^))] (3.12) 

which has a desired form. Note that, as mentioned before, there are three possible 
forms in the variation of F^ vX F^ vX with respect the A a p. Thus, we can adjust the ratio 
between the three forms and get rid of the unwanted terms to have a desired form in 
the above equation. 

Now, as before, we can find a local symmetry with 5a = <p, 5b = x, &c = 9, and 
proper form of 5A a p which can be easily read from above equation, as in the case of 
6=3+3. The existence of extra gauge symmetries allow us to gauge fix the auxiliary 
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fields therein and previous non-covariant formulations are reproduced. Also, from the 
variation of covariant Lagrangian we can find the field equation of 2-form field A ab , 
which is just the self-duality condition in the covariant form. In the above gauge-fixing 
we can get F lab = F lab , F ahb = F adb and F abd = F ab a, which are the self-duality in the 
non-covariant formulation [12]. 

Finally we note that in the decomposition of spacetime into 6 = 1 + 1+4 [12] 
we need two auxiliary fields. In the decomposition of spacetime into 6 = 1 + 2 + 3 
we need three auxiliary fields while that in the decomposition 6 = 2 + 2 + 2 we need 
four auxiliary fields. In the general decomposition [13] we need five auxiliary fields. 
More analysis follow the above prescription can show that the covariant Lagrangian so 
obtain becomes the original non-covariant Lagrangian after using the local symmetry 
therein to gauge fix the projection operators to becomes the constant matrices. The 
proof of the existence of the local symmetry is easy with the help of the nine equations 
derived in section 2.3.2. 

4 Conclusion 

In this paper we first review the PST covariant Lagrangian [6,7], which essentially is 
to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 
6 = 1 + 5. Then, we follow the PST method and present a straightforward method 
to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 
6 = 2 + 4 and the BLG-motivated non-covariant Lagrangian in the decomposition of 
spacetime into 6 = 3 + 3. We have derived the basic formulas which enable us to 
prove the existence of the local symmetry. Using the symmetry we can gauge fix the 
projection operators to becomes the constant matrices and the original non-covariant 
Lagrangian is restored. 

Our method can be used to find the covariant Lagrangian associated to the gener- 
ally non-covariant self-dual gauge field. As an example we also discuss the Lagrangian 
with the decomposition of spacetime into 6 = 1 + 1+4 [12]. It is hoped that the 
covariantization method of straightforwardly extending from PST formulation in this 
paper can be applied to general systems. 

Acknowledgments The author thanks Kuo-Wei Huang for discussions in the ini- 
tial stage of investigation. 
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APPENDIX 



A Three Basic Relations 



abcdef pw p 

t -1 J •/? 



wef 



abcdef pws^is p 
e r d K 4e- r wsf 



abcdef pw^>s pt p 

6 r d y e n K i 



f*> wst 



^ abcdef pw pijk abed pw pijk 

gt ^wefijk^d ^wijk-t^d 

1 r[abcd] p W pijk _ q p , c p[a pbc}^ 
~~^°[wijk] r d f - -^-Tabc + -T 

_ abcdef nuns pijk 

^wsfijk^d Ve^" 



r[abcc(e] 



g U [w)sijA;]- ( d ^e" 



6 



abcdef pw p>s pt pijk 

t t W sti]k r d We rL f~ r 



1 r[afecde/] pw pt pijk 
Q°[wstijk\ r d K 4e tX f- r 

_- p abe + gp^aj^cb + gQ^jrMM + g^JF 6c ^ 

+6Pl a Q b u R c ^ wX 



(A.l) 



(A.2) 



(A.3) 



To obtain above equations we have used the orthogonal condition between the projec- 
tion operator, i.e P b a Q c b = Q b a R c b = R b a P b c = 0. 
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